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Calculations a r e  c a r r i ed  out to  de t e rmine  the influence of rad ia t ion  on the f r ee - convec t i ve  heat 
t r a n s f e r  of a ve r t i ca l  s u r f ace  si tuated in a nonabsorbing med ium.  The  known analyt ica l  and ex-  
pe r imenta l  data a r e  compared ,  and a nomogram is proposed for  the analys is  of mixed convection.  

H e a t - t r a n s f e r  calculat ions for  the  h igh - t empe ra tu r e  su r faces  of equipment cur ren t ly  necess i t a te  a s i -  
multaneous analys is  of the influence of var ious  kinds of heat  t r a n s f e r  on the cha rac t e r i s t i c s  of the  p r o c e s s .  Of 
par t icu la r  in te res t  is the in terac t ion  of natural  convection with rad ia t ion  near  a heated ve r t i ca l  s u r f a c e .  The  
complex h e a t - t r a n s f e r  p r o c e s s e s  involved here  a r e  accompanied  by the absorp t ion ,  emiss ion ,  and sca t t e r ing  
of radia t ion  by the fluid [1,2]. However ,  for  not too high a su r f ace  t e m p e r a t u r e  a i r  can be r ega rded  as devoid 
of the indicated p roper t i e s  and the influence of rad ia t ion  included only in the heat balance at the wall .  If  the  
la t ter  has a specif ied t e m p e r a t u r e ,  then the  heat t r a n s f e r  for  a nonabsorbing medium is de te rmined  indepen-  
dently fo r  the rad ia t ive  and convect ive components .  For  a given value of the wall  heat flux such independence 
of the two h e a t - t r a n s f e r  modes does not hold. The  heat flux f rom the wall  is ca r r i ed  by the rad ia t ive  compo-  
nent, which depends on the local t e m p e r a t u r e ,  as well  as by the convect ive and conductive components .  The 
la t ter  de t e rmine  the wall  t e m p e r a t u r e  and t h e r e f o r e  affect  the radia t ion .  

Approx imat ive  methods have been used [3-7] to  inves t iga te  the influence of radia t ion  on the  h e a t - t r a n s f e r  
of a ve r t i ca l  plate in a f r ee -convec t ive  boundary l aye r .  Explici t  h e a t - t r a n s f e r  re la t ions  a r e  obtained by in te -  
g r a l  methods .  They a r e  r a t h e r  bulky and do not m i r r o r  the effects of a l l  the p a r a m e t e r s  on the  h e a t - t r a n s f e r  
p r o c e s s .  In the presen t  a r t i c l e  we c a r r y  out a comple te  numer i ca l  solution of the p rob lem over  wide ranges  
of the  defining c r i t e r i a .  The  data of the numer ica l  computat ions make  it poss ib le  to  de t e rmine  the  l imits of 
appl icabi l i ty  of the indicated r e s u l t s .  

Let us consider  l aminar  f r ee -convec t ive  motion of a viscous i ncompres s ib l e  fluid with constant physical  
p roper t ies  in a boundary layer  next to  a ve r t i ca l  plane s u r f a c e .  To  calcula te  the  lift we use  the Bouss inesq  
approx imat ion  and neglect viscous d iss ipa t ion .  We a s s u m e  that  the wall  is a diffuse g ray  rad ia to r  with e m i s -  
s iv i ty  e, and for the rad ia t ive  component  we use the S t e f an - -Bo l t zmarm law. Radiat ion takes  place into a m e -  
dium having a t e m p e r a t u r e  T.o far  f r o m  the s u r f a c e .  

The  s y s t e m  of equations of motion and heat t r a n s f e r  in the boundary layer  plus the boundary conditions 
has the fo rm 
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Fig.  1. Dimensionless  velocity and t e m p e r a t u r e  profiles 
in the boundary layer ,  a) R =0 ;  b) 5; c) 50; 1) ~ =0;  2) 
0.05; 3) 0.1; 4) 0.15; 5) 0.2; 6) 0.3; 7) 0.4; 8) 0.8; 9) 1.2. 

F r o m  the equation of continuity we form the s t r e am  function and in problem (1)-(4) change over to the 

var iables  [3] 

- d - )  , ,  x J , 

which genera l ize  the s e l f - s im i l a r  var iables  of the f ree-convec t ion  problem for a plane sur face  with eoz~stant 
heat flux [4]. 

Now problem (1)-(4) takes the fo rm  

03F .+.4 F 02_._F__F 3 ( OF ~ +@ = ~ ( OE 
On s 0~12 ~ 0~1 ] &l 

. . . .  OF 1 OaO O0 (9 OF 
Pr OTI 2 0~1 a~ 

O'~F aF 02F 1 
_ _ - -  _ _  ~ 

O,la~ O~ Oq 8 

0(3 OF O@ ) 
- - + 4 F  0~1 Oq 0~1 O~ , ' 
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Fig.  2. Local  h e a t - t r a n s f e r  c r i t e r i a  Nux /Gr~  1/s (a) and 
NuyJGrlx/4 ve r sus  longitudinal coordinate .  1) R = 0; 2) 1; 
3) 5; 4) 10; 5) 50; 6) T w = c o n s t .  

OF 
- - = 0 ,  O = 0  for q - - ~ .  

0~ 

For  ~ = 0 the der ived equations go over  to the s y s t e m  of ordinary  d i f ferent ia l  equations for  the s e l f -  
s i m i l a r  nonradiat ive h e a t - t r a n s f e r  p rob lem for a pla te .  The  p a r a m e t e r  R = qw/qeT~  c h a r a c t e r i z e s  the r a t io  
between the to ta l  heat flux t r anspo r t ed  f rom the wall  su r f ace  and the rad ia t ive  component .  The d imens ionless  
longitudinal coordinate  { es tabl ishes  a connection between the rad ia t ive  and convect ive components of the heat 
~lux. 

Near  the leading edge the t e m p e r a t u r e  di f ferent ia ls  in the boundary layer  a r e  sl ight ,  and the  f r e e - c o n -  
vec t ive  componegt  of the heat flux takes  the dominant ro le  in heat t r a n s f e r  f rom the wall .  In the upper par t  of 
• plate the  boundary layer  grows th icker ,  and the heat flux due to convect ion gradual ly  d iminishes ,  while the 
rad ia t ive  component  i n c r e a s e s .  Inasmuch as the lat ter  does not depend on the th ickness  of the boundary layer ,  
but is de te rmined  by the su r face  t e m p e r a t u r e ,  it may  be a s sumed  that  the su r f ace  t e m p e r a t u r e  tends to  a c e r -  
*ain constant value Tw.  The la t ter  can be de te rmined  f r o m  the l imiting value of the boundary condition (ST/ 
~Y)w = 0 as x --" oo; Tw = T~o(1 + R)I/4 fo r  x -~ ~. 

Expanding the r ight-hand s ide  into a s e r i e s  for sma l l  values of R, we obtain for the t e m p e r a t u r e  d i f f e r -  
ential i n t h e  boundary layer  at  l a rge  dis tances  f r o m  the leading edge 

Tr - -  T |  - -  q '~  as  x - *  o o .  
4~eT~ (9) 

The  most  prac t ica l  approach ,  t he r e fo re ,  is to  s eek  an asympto t ic  solut ion for  x ~ ~ in the  va r iab les  of the 
f ree -convec t ion  problem near  a wall  with constant t e m p e r a t u r e  D]: 

kp" (X, 
,, corx, ,;, 

y ) - 4 v  ~ ~(~, 'h), ~ t -  
x \  4 ] 

T - -  T .  = q" Ea!4 

(10) 
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d ina te .  

Dimens ion less  f r ic t ional  s t r e s s  ~'w ve r sus  longitudinal c o o r -  
1) R = 0 ;  2) 1; 3) 5; 4) 10; 5) 50. 

Fig .  4. C o m p a r i s o n  of the r e su l t s  of calculat ions with exper imen ta l  
data  on local heat t r a n s f e r  in the f o r m  NuxGr~x/~, 1) qw = const;  2) R = 
0; 3) 1t = 1 ;  4) R = 5 ;  5) R =10 ;  6) R =50 ;  7) Tw =cons t ;  8, 9) p e r -  
tu rba t ion  method [3]; 10) quas is teady asympto t i c  approx imat ion  method 
[7]. Expe r imen ta l  da ta :  11) ~ = 0.96; 12) 0.52; 13) 0.20 [3]; 14) 0.197; 
15) 0.98 [2]. 

Now Eqs. (1)-(4) a s s u m e  the f o r m  

O~ h O, h O~ 0~ a~] t 

- 1  - 1  

for ~]t = O, (13) 

q ) = O ,  G = O  for 1]t--~oo, 

As ~ --" ~ ,  Eqs .  (11)-(13) go over  t o t h e  s e l f - s i m i l a r  p rob lem for  an  i s o t h e r m a l  plate w i t h t h e  following 
boundary condition for  the  d imens ion less  wall  t e m p e r a t u r e :  

4 ( V I + R _ _ I )  for ~]t=O. 

T h e  rad ia t ive  h e a t - t r a n s f e r  calculat ions a r e  c a r r i ed  out mainly  by approx imat ive  methods .  

Cess  [3] r e p r e s e n t s  the solut ion of p rob l em (6)-(8) i n t h e  fo rm of two (zeroth and f irst)  t e r m s  of a power 
s e r i e s  in ~. The  dependence  on the  p a r a m e t e r  I~ shows up only in the  second t e r m  of the s e r i e s .  Accordingly ,  
F u r m a n  and Nenishev [5] r e p r e s e n t  the  expansion as a double power s e r i e s  in the p a r a m e t e r s  ~ and R.  How- 
eve r ,  the  convergence  of the resu l t ing  s e r i e s  is poor .  The  solut ion of the  s y s t e m  (11)-(13) for la rge  ~ can be 
r ep re sen t ed  as a power s e r i e s  in the quantity }-5/4. Cess [3] has ca r r i ed  out numer ica l  computat ions of the 
f i r s t  t e r m  of the s e r i e s  on the a s sumpt ion  of a l inear ized radia t ion model :  

4 ae (T~ - -  T~) = 4aeT~ (T w T| 

In  the p re sence  of rad ia t ion  the excess  wal l  t e m p e r a t u r e  can be approx imated  by a s i n g l e - t e r m  power 
law with exponent n vary ing  f rom 0 (constant t e m p e r a t u r e ,  $ -* ~) to  0.2 (constant heat flux, ~ = 0) [2, 5]. Ap-  
p rox imate  dependences of the p a r a m e t e r  n on e and R a r e  obtained by p rocess ing  of the  exper imenta l  data [5] 
and numer i ca l  calculat ions of the  comple te  s y s t e m  of equations (1)-(4) [2]. 

The  calculat ions of [5] a r e  ca r r i ed  out by a method c lose  to  the s e l f - s i m i l a r  ve r s i on  and by an integral  
method with fou r th -deg ree  polynomials  for  the veloci ty  and t e m p e r a t u r e  d is t r ibut ions  in the boundary layer .  
The problem has also been solved by the method of averaging of functional corrections [6]. 

The  h e a t - t r a n a f e r  express ions  a r e  r e p r e s e n t e d  in impl ic i t  f o rm and p rove  c u m b e r s o m e  for engineer ing 
ca lcula t ions .  

The  method of quas is teady asympto t i c  approx imat ion  has been  used [7] to calculate  the dependence of the 
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Fig. 5. Comparison of the resu l t s  of calculations with exper i -  
mental  data on local heat t r a n s f e r  in the form Nux/Gr~ l / s .  
1, 2) Per turbat ion  method (first approximat ion [3]); 3) method 
c lose  to  the s e l f - s i m i l a r  ve r s ion  [5]; 6, 5) in tegral  method, 
limiting solutions [5]; 4) integral  method; 7) R = 0; 8) R = 1; 
9} per turbat ion  method, second approximat ion [5]. Expe r i -  
mental  data:  10) e = 0.131; 11) 0.305; 12) 0.452; 13) 0.961 
[5]. 

heat t r a n s f e r  on the var iable  ~s/4(R/5Pr)t/4.  In the limits ~ --- 0 and ~ - -  ~ the numer ica l  resul t s  a r e  given 
with respec t ive  e r r o r s  of 0.2 and 7%. 

We have calculated the sys tem of equations {6}-(8} numer ica l ly  by a f in i te -d i f ference  technique.  We use 
a s ix-point  implicit  d i f ference  scheme  of second order  with respec t  to  ~ and ~ [8]. The  nonlinear t e r m s  a r e  
Unearized by s imple  i te ra t ion [9]. For  example,  the boundary condition for the dimensionless  wall t e m p e r a -  
t~e is 

( 00 y+l__ _ 1 + ~Oi (2 + REO/)[2 + 2REOt + R~(0/)9].  
a n  / " " 

The computations a r e  ca r r ied  out for  Pr  = 0.7 (air) and values of the radiation p a r a m e t e r  R = 0, 1, 5, 10, and 
50. 

Distr ibutions of the dimensionless  veloci t ies  ~ = u/5v (Gr~/5)~/Sx and t empera tu re s  @ in the boundary 
layer  for  various values of the longitudinal coordinate  ~ and radiat ion pa rame te r  R a r e  given in Fig.  1. With 
increasing ~ the maximum veloci ty in the boundary layer  dec reases  and shifts toward l a rger  values of ~. With 
increasing longitudinal coordinate the veloci ty and t em p e ra tu r e  profi les  become increasingly f l a t t e r .  The  
t e m p e r a t u r e  and dynamic boundary layers  evolve m o re  rapidly the l a rger  the value of 1~. 

The  local Nusselt number plotted according to  the convective heat-f lux component:  

dec rea se s  with ~ more  rapidly  for la rger  values of R (Fig. 2a). These  curves a r e  replot ted in Fig.  2b i n t h e  
var iables  of the f ixed- tempera tu re  problem:  

Nu~IGr~/4 _ ( ~ ) ~  / (51/40~!4). 

At ~ = 0 the eurves  merge  into a single point, which corresponds  to  the heat t r a n s f e r  for  a constant heat 
flux on the nonradiating su r f ace .  For  large ~ the Nux/Grix/4 curves  (Fig. 2b) tend to  the limit corresponding 
to  heat t r a n s f e r  for an i so thermal  plate.  The asymptot ic  behavior  of Nux/Gr~t /5  as ~ -* ~ is of another  s o r t  
(Fig. 2a). 

For  large ~ the heat t r a n s f e r  f rom the plate can be calculated according to  the dimensionless  dependence 
for  Tw = const .  For  example,  the indicated hea t - t r ans fe r  dependence can be used with 2% e r r o r  for ~ > exp 
(-- 0.4 9R 0.51 ). 

The  ~ dependence of the dimensionless  f r ic t ional  s t r e s s  at the wall V-w = Vw/(5 IZV/x2)(Grx/5) ~/~ is anal- 
ogous to the var ia t ion  of the local heat t r a n s f e r  (Fig. 3). 
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TABLE 1. Exper imenta l  Pa rame te r s  

Literature source 
Physical 
quantity [2] [3] [5] 

Tw -- T| (OK) 

GrL 
8 

R 

269--529 

0.197;0,98 
0,61--58 

15--34 

1,45.105 

m 

1,6.107--1,3.109 
0,2---0,96 
330--1580 

10--150 

122--1854 

7,9.104--5.10 to 

0,131--0,961 
0,12--19 

The  resu l t s  of the calculations a r e  compared with the exper imenta l  data in Figs .  4 and 5. The heat- 
t r a n s f e r  coefficient  Nux/Gri~ 4 (Fig. 4) calculated by the per turbat ion  method for Pr  = 0.7 [3] agrees  with the 
numer ica l  solut ion for R = 0 within 1% e r r o r  limits for  ~ < 0.15 (curve 8)and ~ > 0.5 (curve 9). I n the  case  of 
the  quantity Nux/Gr  * i / s  agreement  within the stated e r r o r  limits obtains in a na r rower  range  of values of ~. 
The resu l t s  obtained in the f i r s t  per turba t ion  approximat ion yield hea t - t r ans fe r  values that a r e  too smal l  for  
sma l l  ~ and too large for large ~. In the second approximation [5] the hea t - t r ans fe r  values computed by the 
per turbat ion  method ag ree  well with the numer ica l  calculations up to  ~ = 0.08. (curve 9 in Fig.  5). The  method 
close to the s e l f - s i m i l a r  approach [5] gives values for  the local  hea t - t r ans fe r  coefficient  that ag ree  sa t i s fac -  
to r i ly  with the numer ica l  solut ion for R = 0, 1 and ~ < 0.2, but gives excess ive  values for  ~ ~ ~o (12% too high 
for ~ = 0.6) (curve 3 in Fig.  5). Approximately  the same e r r o r  occurs  for  the integral  method [5] (curve 4) and 
the  limiting solutions obtained by this method (curves 5 and 6). The values of NuxGr~  4 calculated by the quasi-  
s teady asymptot ic  approximat ion method [7] exhibit poor agreement  a l ready for the limiting value ~ -~ ~o (curve 
10 in Fig.  4). 

The  domain of var ia t ion  of the pa rame te r s  in the exper imenta l  investigations is given in Table  1. The 
shor tage  of initial  exper imenta l  data [2, 3, 5] prevents us f rom eollating al l  the exper imenta l  points on a single 
graph,  and that is why the exper imenta l  hea t - t r ans fe r  data in the fo rm of dependences of Nux/Gr~ 1/5 and 
Nux/Grlx/4 on ~ a r e  presented in two f igures .  To compare  the exper imenta l  with the analyt ical  resul t s  for 
NUx/Gr~4 a high exper imenta l  accu racy  is requ i red ,  because  the limits of var ia t ion  of the dimensionless  heat 
~cransfer over  the ent i re  range  of ~ amount to  15%. In Fig.  4, however,  the sca t t e r  of the experimental  points 
is g r e a t e r  than this value.  Although Cess [3] claims agreement  within 8% between the theore t ica l  and exper i -  
mental  r e su l t s ,  the  d i sc repancy  is in fact much g r e a t e r .  Clear ly ,  only the resul ts  for  equal values of the 
pa rame te r  R can be legi t imately compared .  In [3], essent ia l ly ,  the theore t ica l  curves  for 1~ = 0 a re  compared 
with exper imenta l  points for  R = 330 to  1580. 

The  sca t t e r  of the exper imenta l  points is much sma l l e r  in Fig. 5, in which the calculations a r e  com-  
pared with the exper iments  of [5] for  Nux/Gr~l /5 .  

It is noted that the exper imenta l  data ag ree  with the numer ica l  curves  within 4 or 5% e r r o r  limits for  
O<R<I. 

Thus, the accuracy of the existing experiments is inadequate for a complete quantitative assessment of 
~he applicabil i ty of the given simplif ied radiat ion model.  

N O T A T I O N  

u, v, project ions of velocity vec tor  onto the X and Y axes;  x, longitudinal coordinate;  y, t r an s ve r s e  co-  
ordinate;  T,  absolute t empera tu re ;  q, heat flux; v, kinematic viscosi ty  coefficient;  g, gravitational a c c e l e r a -  
t ion;  ~, coefficient  of volume expansion; a ,  t h e rm a l  diffusivity; k,  t h e rm a l  conductivity; ~, S t e fan - -Bo l t z -  
mann constant;  8, emiss ivi ty ;  ~x,  local hea t - t r ans fe r  coefficient;  rw,  f r ic t ional  s t r e s s  at the wall; ~, s t r e a m  
function; F,  r | G, dimensionless  s t r e a m  functions and t e m p e r a t u r e s ;  ~ = (ffeT3oox/k)(Grx/5) I/5, ~ = ~/4,  
dimensionless  longitudinal coordinates ; W = (Gr~/5)  I/5 (y/x) ,  ~ = (Grx/4)I/4 ~ /x ) ,  s e l f - s imi la r  var iables ;  
Gr~ = g~qwX4/~v 2, modified Grashof  number ;  Gr x = g~qwX3/V24crsT~, Grashof  number;  Pr ,  Prandtl number;  
Nux, Nusselt  number;  l~, radiat ion p a r a m e t e r .  Indices:  x, l oea lva lue ;  L, average  value; ~o, far  f rom s u r -  
face;  t ,  fixed t empera tu re ;  j, i te ra t ion number;  w, wall;  0, coordinate  origin.  
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NUMERICAL ANALYSIS OF SUPERSONIC FLOW OF AN 

IDEAL GAS IN THE WAKE OF AN 

AXISYMMETRICA L BODY 

V. V.  B u l a n o v  UDC 518:517.944/947 

A numerical experiment is carr ied out on supersonic flow in the wake of an axisymmetrical  
body, and estimates a re  obtained for the "scheme" (artificial} viscosity introduced by a maxi-  
mally stable difference scheme [1] into the investigated flowo 

1.  S t a t e m e n t  of t h e  P r o b l e m  

Many papers have been published in the period from 1965 through 1975 on the numerical solution of 
problems involving the flow of a viscous liquid and a compressible gas in the wake of a body with separation 
points and reverse-c i rcula t ion  flow zones. In the majority of those papers the complete system of Navier 
--Stokes equations is approximated by a finite-difference scheme of f i rs t  or second order,  which is then 
solved by some suitable numerical or iterative technique. 

However, solutions of the complete system of Navier -- Stokes equations a re  obtained only for relatively 
small to moderate (values of a few hundred) Reynolds numbers (see, e .g . ,  [3,4]). The numerical results ob- 
tained in these studies mainly corroborate  the schematic representations of the flow pattern both in the separa- 
tion zone and in the wake as a whole. 

Very few results have been published on the numerical study of supersonic flows in the wakes of bodies 
at high and very high Reynolds numbers. 

A modern approach that  offers fuller understanding and investigation of the singular characterist ics of 
:flow at large Reynolds numbers is the application of shock-smearing (or shock-capturing) finite-difference 
schemes,  which approximate the system of Euler equations rather  than the complete system of Navier -- Stokes 
equations (see, e~ [5,6])~ 

The numerical solutions generated by such investigations may be viewed as numerical experiments, 
which correspond in their principal features to the t rue  flow pattern for sufficiently large Reynolds numbers 
and yet a re  useful not only for the deeper insight that they offer into the singular flow characterist ics at 
corners ,  in aft and wake zones, etc~ but also for exhibiting the capabilities and singular characterist ics of 
~he difference scheme itself, for example the influence of the spatial mesh size of the computing grid, type of 
artificial viscosity, etc., on the accuracy of computation. 
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